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INTRODUCTION

It is highly desirable that the motions of the Navy's modern
submarines be predicted in advance of full-scale trials and operations
to establish their safe operating envelope and their ability to perform
specific maneuvers effectively. To predict these motions and to
establish valid control strategies it is necessary both to develop an
accurate mathematical model of the submarine and to determine accurate
values of the hydrodynamic forces and moments acting on the submarine
hull and appendages which are required in the mathematical model.

The David W. Taylor Naval Ship R&D Center (DTNSRDC) provided a
standard s:t of equations of motion for use in submarine computer simula-
tion in Reference 1. These equations have been used to simulate the
trajectories and responses of submarines in six degrees of freedom
resulting from various types of normal maneuvers as well as for extreme
waneuvers such as those associated with emergency recoveries from a
starnplane jam.

Reference 2 gives a general description of the effort at the Center
to predict, evaluate, and improve the stability, control, and maneuver-
ing characteristics of the Navy's submarines, including modifications
and improvements made to the equations of motions given in Reference 1.
The improvements to the equations of motion outlined in Reference 2 have
resulted in better correlation with full-scale trial data.

This report has been prepared to provide those working in the field
of submarine stability, control, and maneuvering with documentation of
the current interim mathematical model. This report defines the
notation, ax:s systems, and sign conventions used for the equations
and presents the DTNSRDC Revised Standard Submarine Equations of Motilon
for performing computer simulation.
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h(x)' = B

NOTATION

Sets of constants used ia the repre-
sentation of combined thrust and
drag in the axia’l equation

Projected area of hull plus deck
in xz-plane

Projected area of hull in xy-plane

Local beam of hull in xy-plane

I b(x)dx = Az
L

Buoyancy force of envelope displace-
ment, positive upward

Variable coefficient used in scaling
model thrust and drag data to full-
scale. Function of AX

Constants used in computing C

Center of buoyancy of submarine

Coefficient used in integrating
forces and moments along hull
due to local cross-flow

Cross-flow drag
Center of mass of submarine

Modified nondimensional sectional
1lift-curve slope used in computing
the effects of the hull-bound
vortex due to lift on the bridge
fairwvater

Local heiglit of hull plus deck in
xz~-plane j h(x)dx = Ay
L
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x % D&s
1
l ' - —).—\
y %',‘Dls
I A --—]-.——
z % pls
i
1 ' e XX
xy % pls
' . .:!E_
Iy‘ 1 3!5
7 ¥
' e o EX_
3 % phs
K
K' =
% 92302
K,' = S
* % p£3
K
K,' =—t
1 % 923
K
R =T
P 3 ol
K.

K |} - ——L
p 1 o2’
2

K
K ' -

Moment of inertia of submarine
ahout x axis

Moment of inertis of submarine
about y axis

Moment of inertia of submarine
about = axis

Product of inertia with respect
to the x and y axes

Product of inertia with respect
to the y and 2z axes

Froduct of inertis with respect
to the ¢ and x axes

Hydrodynamic moment component about
x axis (rolliug moment)

Coefficient used in representing

K as a functionn of u2

Coefficient used in representing
K due to interference effects of
vortices from the bridge fairwater
on the stern control surfaces

Coefficient used in representing

K as a function of up. Does not

include effects of vortices from

the bridge fairwater on the atern
control surfaces

Coefficient used in representing
K as a function of P

Coefficient used in representing
K as a function of plp
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Coefficient used in representing
X as a function of gqr

Coefficient used in representing

K as & function of ur, Does not

include effects of vortices from

bridge fairwater on stern control
surfaces

Coefficient used in representing
X as a function of ¢

Coefticient used in representing

K as a function of uv. Does not

include effects of vortices from

biidge fairwater on stern control
surfaces

Coefficient used in repreasenting
K as a function of ¢

Coeffirient used in revresenting
K aa a function of wp

Coefficient used in representing

XK as a function of uzﬁr

Coefficient used in representing
2. 1

N o & - —

K as a function of u S, (n C)C

Coefficient used in representing
£ due to ¢. at the atern control
surfaces

Coefficient used in representing
K due o ¢q 2t the stern control
surfaces '

gverall length of submarine
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Mass of submarine, including water
in free-flooding spacea

Hydrodynamic moment component
about y axis (pitching wmoment)

Coefficient used in representing M

as a function of u2

Coefficient used in representing
M as a function of uq

Coefficient used in representing
M as a function of ¢

Coefficient used in representing
M as a function of rp

Coefficient used in representing
M as a function of uw

Coefficient used in representing
M as a function of w

Coefficient used in representing
M as a function of u|w]

Coefficient ured {n representing

3
M as a function of wl(v2 + w‘)llzl

Coefficient used in representing

M as a function of Iu(v2 + HZ)IIZi

Coefficient used in representing

M as a function of u26b

Coefficient used in representing

M as a function of uzds
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Hydrodynamic moment component about

r axis (yawing moment)

Coefficient used in representing

N as 8 function of “2

Coefficient used in representing
N as a function of up

Coefficient used in representing
N as a function of p

Coefficient used in representing
N as a function of pq

Crefficient used in representing
N as a function of ur

Coefficient used in representing
N as a function of ¢

Coefficient used in representing
N as a function of uv

Coefficient used in rvepresenting
N as a function of v

Coefficient used in representing

)
N as a function of vl(v2+ wi! “1
Coefficient used in representing

N as a function of uzdt

Coefficlent used in representing
N as a function of u26r (n - é) C

Angular velocity component about
x~-axis relative to €fluid (roll)
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Angular acceleration component
about x-axis relative to fluid

Angular velocity component about
y-axis relative tuv fluid (pitch)

Angular accelervation componen:
about y-axis relative to fluid

Contribution of propeller torque
to K and machinery equation

Angular velocity component about
z-axis relative to fluid (yaw)

Angular acceleration component
about z2-axis relative to fluid

Constants used in computing x,
Tive

Velocity of origin of body axes
relative to fluid

Velocity of sternplane x~-coordinate
relative to the fluid

Component of U in direction of the
x~axis

Time rate of change of u in
direction of the x-axis

Command spoed: steady value of
ahead speed component u for a
given propelier rpm when body
angles (a,8) and control surface
angles are zero. Sign hanges
with propeller reversal
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v(x)

€

w(x)

11

Component of U in direction of
the y-axis

Time rate of change of v in
direction of the y-axis

Velocity component in the y-axis
direction at the quarter chord
of the sternplanes. Vg =V + X T

Velocity component in the y-axis
direction at the starting position
of the hull-bound vortex due to
lift on the bridge fairwater.

vo = v + xlr - szp

Velocity component in the y-axis
direction at the bridge fairwater.

vo =v + war - szp

Value of v . at time = t - T(x)

FW

at time = t - T

Value of vo T

Velocity component in the y-axis
direction of any x coordinate
v(x) = v + xr

Component of U in the direction
of the z-axis

Time rate of change of w in
the direction of the z-axis

Velocity component in the z-axis
direction at the quarter chord
of the sternplanes LA A X

Velocity component in the z-axis
direction of any x coordinate
wix) = w - xq
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Weight of submarine, including
vater in free flooding wpaces

Lon;ttudinnl body axis; also
the coordinate of a point relative
to the origin of the body axins

The x coordinate of the atarting
position of the hull-bound vortex
due to 1ift on bridge falrwater

The x coordinate of the aft-moat
position of the hull-bound vortex
due to lift on bridge fairwater

The x coordinate of the C8
The x coordinate of the CG

A coordinate of the displacement
of the origin of the body axia
relative to the origin of a set
of fixed axes

The x coordinate of the quarter
chord of the rudders

mhe x coordinate of the quarter
chord of the asternplanes

The x coordinate of the average
location of the gternplanes and

i
rudders. Xy = 3 (xs + xR)

The x coordinate of the after
perpendicular

The x coordinate of the quarter
chord of the bridge falrwater
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Hydrodynamic force component
along x-axis (longitudinal, or
axirl, force)

variable coefficlent used in
acaling model thruat and drag
data to full scale

Constants uged in computing AX

Coafficiant used in repreasenting

X asa a function of qz.

Coeffictent used in representing
X aa a function of rp

Coefficient used in representing

X ae a function of r2

Coefficient used in representing
X ag a function of u

Coefficient used in representing
X aa a function of wvr

Coefficient uaed in representing

X as a function of v2

Coefficient used in representing
X as a function of wq

Coefficient used in repreaenting

X as a function of w2

Coafficient used in repreaenting

X as a function of uzﬁbz
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Coefficient used in representing

X as a function of u26r2

Coefficient used in vepresenting

X as a function of u2682

Lateral body axis; also the
coordinate of a point relative
to the origin of body axes

The y courdinate of CB
The y coordinate of CG

A coordinate of the displacement
of the origin of the body axis
relative to the origin of a set
of fixed axes

Hydrodynamic force component along
y axis (lateral force)

Coefficient used in representing

Y as a function of u2

Coefficient used in representing
Y a8 a function of up

Coefficient used in representing
Y as a function of p

Coefficient used in representing
Y as a function of pIpT

Coefficient used in representing
Y as a function of pq
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Y
Y Y ' = i r5~ Coefficient used in representing
r T 3 ol Y as a function ¢f ur
| ’
E Y, Yf. "% Coefficient used in representing
3 pL Y as @ function of ¥
: Yv
Y Yv' i Coefficient used in representing
1 v 3 Pl Y as a function of uv
¢
. Yo
1 Y° YQ‘ 13 Coefficlent used in representing
E pl Y as a function of Vv
Yv]vIR
Yv|viR' "3 3 Coeffic.-at used in representing
2 Pl Y as a function of vl(v2 + w2)1/2|
ng
''- 1 3 Coefficient used in representing
wp 5 pL Y as a function of wp
Yér
Yérq 1 3 Coefficient used in representing
3 L Y as a function of u26r
Yérg
YGrn' "1 2 Coefficient used in representing
2 oL Y as a function of uzér ( - % c
z' = % Normal body axis; also the
coordinate of a point relative
to the origin of the body axis
2y
zl' - The z coordinate of the hull
' centerline
.
zn' T The z coordinate of the CB
G
zG' “T The z coordinate of the CG
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z, zo' T A coordinate of the displacement
of the origin of the body axis
relative to the origin of a set

LI PO | 9L gl T g A

of fixed axes
*rw
ey '!H. -1 The z coordinate of the 42-percent
£ span of the bridge fairwater
4 Z VARR i‘"gi"?‘ Hydrodynamic force component
8 3 pLEY™ along z-axis (normal force)
Z,
z, z,' ~ T3 Coefficient used in representing
2 oL Z as a function of u2
Z
2 ' = I__SS_ Coefficient used in representing
q 3 pL 2 as a function of uq
&
zd' - I——gz- Coefficient used in representing
3 pL 2 as a function of §
zvg
z, ‘e 1.3 Coefficient used in representing
P 3 pt Z as a function of vp
2y
zw' ~1 3 Coefficient used in represanting
3 pL Z as a function of uw
2
2,' = 13 Coefficient used in representing
v 3 pL Z ap a function of w
Z
z'w" - I—l!%- Coefficient used in representing
5 ot Z as a function of ulvT
o
zZ '== Coefficient used in representing
w22 2 2.1/2
2 Z as a function of |w(v® + w)*'*|
Zsp
2, "' = —— Coefficient used in representing
b 1 plz
2

Z as a function of uZGb
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Coefficient used in representing
Z as a function of u26‘

Coefficient used in representing
Z as a function of uzéa (n - -C]-‘—)C

Angle of attack
Angle of drift

Geometric in-flow angle at the
Sternplanes
" (vsz + "32)1/2
Bs = tan "

Value of B &t which hull-bound
vortex separatesa from the hull
given in radians

Deflection of bowplane or sallplane
Deflection of rudder

Deflection of stermplane

u
The ratio ;2

Angle of pitch
Angle of yaw
Angle of roll

Hydrodynamic roll angle a& the

1

sternplanes ¢_ = - tan ;5
s

Time interval required for vortex
to travel from wa to X It is

implicitly defined as:
t

I u(t) dt = x

t-TT

W X7
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, T(x) Time interval required for vortex
. to travel from x, to any x

coordinate aft of X)+ It 1is

, implicitly defined as: g
£ t £
: '
u(t)dt = X, -x §

t-t(x) :

E (+] Mass density of wvater A
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DTNSRDC REVISED STANDARD SUBMARINE
EQUATIONS OF MOTION
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AXIAL FORCE EQUATION

E -[ﬁ-vr+w- c(q2+rz)+yc(m-*~“"‘c(""+”]'

1 i

2 o2
+x" 4 +xr

i 4 U v
: +gl. {x“ q rp}

P
+ g !.3 [x\.l' u+ xvt' ve + xw' vq]
+ g lz [va' vz + x'v' 02]

2 2, 2 2, 2 2, 2
+ g ' [thGr' ue, * xﬁs&o' uly * Xsbep U Sy ]

~{(W-B) 8in 0 + !‘p

T - DRAG
. P
xp [ Y (a, + AX) u2 +b, Cuu_+c¢ Czu 2
2 L i i c i c

&x,

2
(Ax3 + 10310 u)

where AX = Ax1 +

. 1/2
c c6+(c7+csAx)

Note: Fxp is represented by Tp - DRAG when progullion characteristics
are available. Otherwise the second expression for F‘p is used.
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LATERAL FORCE CQUAT1ON

" [\‘r - wp 4+ ur - ys(l'2 + pz) + :G(qr -p) + xc(qp + H] -

‘ - E o ' ' ' '

: + 200y, ey + Y + Y
E ,‘ 2 [f p' B Yppp)" plel ¥ Yy "]
; +913Y'ut'+Y'upﬁY'\}0Y'wp

+ g lz [Y ' u2 + Y Yuv + Y ' ]R' vl(v +w )l/?l]

P 42 vyl .2
+2"[Y6r 6+Y 6

- by J' h(x) v(x) ‘lw(x)]z + (vm]’} 12
L

2 qc E v
3 lLL J‘x w(x) vw(t - 1[x]) dx
2

+ (W - B) cost sind
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NORMAL FORCE EQUATION

LR ok S S

£
E3
¥
H
E
|3
2
§
t
M
[ 3
[3
3
i
L3
i
-
£

. [\" -uq+vp - x,‘.,(l»2 +ah) ¢ Xo(rp = Q) + yo(rq + b)] -
+ g 2 Z,' 4

3 +§l.3[‘."\‘r+zq'pq+zw'vp]

+g!. [z.'u +2 'uv]

+ g 22 [zl"l. ulv| + z,, I\v(vz + '2)1/2']

2 2 2 2 1
+gl. [zc.' u 6.+26b' u 6b+26.n' u 6. (n - E)C]

1/2

- g Cy J' b(x) w(x) {KV(x)l + {v(x)] ’

1
+ g LEL I v(x) ;ﬂl(t - T(x]) dx

%y

+ (W - B) cosO cosd
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ROLLING MOMENT EQUATION

I b+ (I, - Iy)qr - (t+ POL + (n-2 - qz)xy‘ + (pr - d)lﬂ

L ORI RTINS

+a {’c(‘.' = uq +vp) - 2. (v - wp +ur)] -

P [sy 8oy rg o o]

]

+gl‘ -Kp' up + Kt' ur + K‘." v + K"P' vp]

ir, . 2 ' ' -
-K. u +KvR uv+l(1 uv“‘(t TT)]

+
~fo
F)

W R T T e e e e

+
~fo
»~

i, . L2 2 I 3
KGr “6r+Kérn'u6t( C)c]

3 2 2 2 2 ' '
7" + vg + vg ) Bs [K‘s sin “S + KSS sin 808]

(t - t{x])) dx

+8 1231' T, j v(x) Vo,

+ (yGH - yBB) cost cosd - (zGH - :BB) cusf sin¢

-Qp
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PITCHING MOMENT EQUATION

1§+ (- I)rp - (B +qo)l, + ¢ - 1:2)1,m + (qp - DL,

+n[zc(\'s-vr+wq)-xG(i-uq-'-VP)]'

+ g 23 [nq' q+M tp]
+ 5 g [u‘.,' W+ uq" uq]

1/2
2 2 2
+ g R.3 [H*' u” + H" uw + levhl' w|(v© + %) l]

1/2
2 2
+ g 23 [Ml"’l' ulwl + Hw' Iw (vo +w) |]

3 2 2 2 1l
+g2 [Hds' u68+M6b' u6b+uﬁsn'u63( -t (a

+2c dx

1/2
<4 |

j x b(x) w(x) %[w(x)]2 +IV(X)]2
L

x

- l -

- g 5T, I x v(x) vo(t - t[x]) dx

X2

- (xG W= xg B) cos© cosd - (zG W- z3 B) 8in®
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YAWING MOMENT EQUATION
Lt + (I -1)pq- (4 +rp)l +(q2-pz)1 + (rq - P)I
] y X yz xy 34
+n[xc(\'r-wp+ur) -yc(t'x-vr+vq)] -
5 i ] t ]
+§'~ LSRARA BN pq]

3

+g24 rN'up+N'ur+N.'\)]
P r v

- 1/2
+ g 23 N, ul 4 Nv' uv + Nvlle' v|(v2 + wz) l]
3 ;2 2 1
+ g L rNtSr u Gr + NGrn u Gr(- E)C]
2 2 1/2
- g Cy J‘ x h(x) v(x) {[w(x)] +{v(x)]) } dx
L

X1
- g 2E I X w(x) Ve (t - T[x]) dx

X2

+ (xG W - Xy B) cos® sing + (yG W - Vs B) ain0®
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AUXILIARY EQUATIONS

¢ =p+ @ sinf

6 ® q cosd - r sing

v = (r cosp + q sind)/cosd
x * u coed cosy + v (oind sind coay - cosd¢ siny)
+ v {(ain¢ siny + cos¢d sind cosy)

= u cosd siny + v (cosd cosy + sing sind siny)

+ v (cosd 81inb einy - sin¢ cosy)
¢ * - u sind + v cosd sind + w coad cosd

Lo U - (u2 + v+ w2)1/2

x,p for 18] < B

X = (%) = xp) (5, +5,[8]) for |B| > By

e e, e ¢ ey v

e T—y e
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DTNSRDC {SSUES THREE TYPES OF REPORTS

1. DTNSRDC REPORTS, A FORMAL SERIES, CONTAIN INFORMATION OF PERMANENY TECH.
NICAL VALUE. THEY CARRY A CONSECUTIVE NUMERICAL IDENTIFICATION REGARDLESS OF
THEIR CLASSIFICATION OR THE ORIGINATING DEPARTMENT.

2. DEPARTMENTAL REPORTS, A SEMIFORMAL SERIES, CONTAIN INFORMATION OF A PRELIM.
INARY, TEMPORARY, OR PIIOPRIETARY NATURE OR OF LIMITED INTEREST OR SIGNIFICANCE
THEY CARRY A DEPARTMENTAL ALPHANUMERICAL DENTIFICATION.

3. TECHNICAL MEMORANDA, AN INFORMAL SERIES, CONTAIN TECHNICAL DOCUMENTATION
OF LIMITED USE AND INTEKESY. THEY ARC PRIMARILY WORKING PAPERS INTENDED FOR IN-
TERNAL USE. THEY CARRY AN |IDENTIFYING NUMBER WHICH INDICATES THEIR TYPE AND THE
NUMERICAL CODE OF THE ORIGINATING DEPARTMENT. ANY DISTRIBUTION OUTSIDE OTNSRDC
MUST EE APPROVED BY THE HEAD OF THE ORIGINATING DEPARTMENT ON A CASE-BY.-CASE
BASIS.
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